I Introduction
Bank for International Settlement (BIS) in its Basel II guidelines by the bank to specific obligors to lend up to specified limits on pre-determined rates and terms. They are generally accompanied with different fees which must be paid over the life of the commitment, and the material adverse change (MAC) clause which states that bank may cancel the line if the credit quality deteriorates of the specific obligor.
According to Federal Deposit Insurance Corporation survey 5 close to 80% of all commercial and industrial loans are done using commitment contracts and as of trillion. Avery and Berger (1991) states that main reason for using credit commitment is to provide flexibility during slowdown and as noted by Kanatas (1987) these can be seen as hedging instruments. Hawkins (1982) comments that credit lines help borrowers manage fluctuations in working capital but Sufi (2008) reports that firm with low cash flow or high cash flow volatility rely more heavily on cash rather than credit line.
Basel II guidelines calculate regulatory capital charge of contingent credit commitments based on credit conversion factor (0% to 50%) and the Risk Weight (0% to 100%). As noted by Hull (1989) , credit conversion factor (CCF) for a small bank underestimates the capital requirement as "fat tails" effect increases the capital requirement proportionately more for off-balance sheet items. In its Advanced Internal Rating Based (AIRB) methodology Basel II does allow banks to compute its own estimates of CCF and henceforth its own estimate of Exposure at Default (EAD) for CCL.
Apart from negligence of EAD models by consultants and academics leading to a paucity of external data and models, other issues identified by FSA, has been scarcity of usable data regarding draw-downs in each bank and unsuitability of external data.
When external data is available the suitability is always questioned as the estimates will be strongly influenced by lender's behavior.
The current paper is an attempt to build an easy to implement, parsimonious yet accurate model for estimation of exposure for CCL portfolio. Each CCL is modeled as portfolio of options with the obligors which they can exercise with the bank at prespecified terms & conditions. Modeling the exercise of options as a Poisson process, a stochastic distribution of exposure at different segment of portfolio level has been constructed. A standard Fast Fourier Transform algorithm is used to convolute these portfolio segments and generate the exposure probability distribution of the complete portfolio.
This model with help from internal research of the bank can be used for the estimation of EAD for banks as mandated by Basel II for CCL portfolios. Apart from regulatory requirement, stochastic exposure distribution generated can form as an input for different economic capital model and stress testing procedures to capture accurate risk profile of the portfolio. This will also contribute in providing better insights in the problem of managing liquidity risk for portfolio of CCL e.g. credit card portfolio or Home Equity Line of Credit (HELC) portfolio.
In the following pages we will see in section II about past studies related to CCL, section III will detail on how we can use options executions to link the draw-downs in a portfolio, section IV provides an implementation with hypothetical portfolios and finally section V concludes with potential future research areas and implications.
II CCL, Options & Partial Draw-down
To estimate EAD for CCL there are two standard form of equation used. In the first form an appropriate conversion factor is multiplied with the total limit (TL) of the facility.
EAD=CF . TL (1) In the second form an appropriate conversion factor (α) 6 is multiplied with the unused part of the limit (L) of the facility.
As shown by Moral (2006) both will yield same results for EAD except when full utilization is in place. As discussed by Miu and Ozdemir (2008) Basel CCF is equivalent to α in equation (2) . We will use equation (2) for all our subsequent analysis. As current exposure and L are known modeling α i.e. partial draw-down of the unused limit will give us clear insight into the problem of EAD estimation of CCL.
Studies related to CCL are concentrated around pricing of CCL 7 and level of partial draw-down in each credit line. In the current endeavor we will concentrate on latter. 
III Partial Draw-down at Portfolio Level
To put ourselves on firmer basis lets define a bank B with a CCL portfolio of N obligors each having one facility of CCL each. Each of these credit lines with the bank can be used before the expiry of the contract. For obligor A with CCL size of LA we can safely assume that A has infinite number of put options which she can choose to exercise and the number of instrument she will exercise will decide the level of partial draw-down. If she exercises all the puts, than she will have consumed her whole limit.
We assume she has n number of puts at her disposal, where n is sufficiently large. Also size of each put can be given as
So the amount of partial draw-down can be given as r X QA where r is the number of puts exercised by A in the time frame of consideration. So the probability generating function (PGF) of the option exercise can be defined as follows:
Let's assume expected usage of the CCL is αA so average number of puts used by A is
Using a Poisson process of exercise of each option we have the PGF given by equation (6) reduces to
For all obligors, m (m<N) in the portfolio having put size equal to Q we have the PGF for r number of puts being used and assuming independence of obligors in exercising of each option
Now lets assume the overall average usage in the portfolio is α and unused limits in this portfolio of m obligor be Li hence we have
Let S i = ∑ i= 1 i=m λ i and as we have assumed all the size of put is Qi henceforth and let
So the PGF of usage being equal to r X Q will be given by
Now for any real portfolio, Q will not be equal for all obligors. To simplify our calculation we will segregate the whole portfolio in different sub-portfolios, such that obligors in each sub-portfolio will have same size of put as Qi. Since in each subportfolio Qi is same whenever there is exercise of 1 put there is usage of 1XQi and if there is exercise of 2 puts there is usage of 2XQi so we can write:
P  usage=r⋅Q i  =P r puts being used 
So the PGF of the sub-portfolio usage can be written as:
Hence to find the usage distribution of the whole portfolio we must convolute each of these sub-portfolios. Hence form equation (11) for the whole portfolio with t subportfolios PGF can be written as (assuming independence of each sub-portfolio):
Now to determine the exposure distribution of the portfolio we can have from Taylor's theorem
As ∑ i= 1 t S i is constant hence:
By Lebinitz's formula for n th order differentiation we can have:
And we have from equation (18)
Hence combining equation (20), (21), (22) and (23) at Z=0 we have
Hence from (24) and (10)
Now if we have Qi with integers starting from 1 to a large enough integer we can get the complete probability distribution of portfolio usage, starting from
If we let Qi vary from 1 we will have exposure distribution from 1 $ as seen from equation (3) Qi represents the size of each put.
Till now we have used a constant α for the whole portfolio, in reality we will have a portfolio where α will be different for each segment of the portfolio depending upon product type, and other factors etc. As noted in a survey 10 banks generally prefer to use segment wise α for its EAD estimation. Hence after performing the computation till equation 25 we will be left with probability distribution of usage for different segments of the portfolio. To finally arrive at a portfolio level exposure distribution we will follow a standard convolution procedure using Fourier Transforms.
For simplicity lets assume we have only two distinct segment of the CCL portfolio and from (25) we can have two distinct vectors (F =f0,f1,…fl-1& G=g0,g1,….gm-1)
representing the probabilities of usage for each segment. Let R represent the vector formed by convolution of F and G. To perform Fast Fourier Transform (FFT) 11 we will pad each of the vector such that length of each vector is s, where s=>l+m and s is of the form 2
x where x is an integer. We know from convolution theorem that
Hence R will give us the overall portfolio usage probability distribution. The procedure can easily be replicated if we have more than two segments in our portfolio. 
IV Numerical Experiment
For a typical CCL portfolio, ΣSi for the whole portfolio may be quite large and we are trying to assign probability to each dollar of usage in the algorithm so it may finally turn out to be daunting task to achieve the full distribution. For the calculation of negative exponential of a very large number (ΣSi) for initiation of the calculation (as W0)
we will soon be confronted with precision issues under double-precision 12 regime of most common software applications. Most applications including Matlab, Octave or
Microsoft Excel under default settings will approximate W0 as zero and as the distribution depends on W0 for derivation of full distribution, the full distribution would be evaluated incorrectly.
There may be many alternative to circumvent the problem in standard applications. One solution to this problem may be use of libraries which can handle very high precision calculation 13 . This may also require higher computational power in terms of hardware as well, the specification of which is beyond the scope of the current paper.
For illustration 14 we have chosen two sample segments To explore the affect of choice of n in the exposure distribution we use first five obligors of portfolio A. The results of the experiment are summarized in Table 3 in appendix C. As noted the standard deviation of the usage distribution decreases as we increase the number of puts used. This may be explained by the fact that we are implicitly assuming a known value of α in our modeling i.e. a zero volatility of α and this fact is becoming more prominent once we start increasing the number of puts (n) i.e.
more like real life scenario. The mean value remain relatively stable but the extreme points converge towards the mean to produce a shrinkage in the distribution shape.
Another prime variable in the algorithm is the value set for α, we vary the value of α to find its affect on the final distribution. The results of the same are summarized in Table 4 in appendix C. For our 5 obligor portfolio we see increase in the usage level also increase the volatility associated.
To incorporate volatility of α explicitly in the model we can also use a mixed Poisson process where we chose different values of λ from an assumed distribution.
More commonly used mixture distribution has distribution of λ as Gamma distribution, resulting in negative binomial; this has the advantage of analytically tractable two parameter distribution. Similar combination 17 can be used to incorporate volatility of α explicitly in each segment of the portfolio.
See Karlis and Xekalaki (2005) for various mixed Poisson distributions
An argument against using any mixed distribution may be that this will induces a second set of assumptions in our model and will require the banks to calculate usage volatility of each segment. In the current model the volatility of the final distribution will depend how spread out the expected usage is between each the segment. This may be more pragmatic approach considering that it will have minimum data requirement at portfolio-segment level and segmentation of the portfolio can be decided with internal research and expert judgment on usage.
One of the segmentation possibilities of the portfolio may be based on commitment fee 18 and service fee 19 . As shown by Thakor and Udell (1987) when the bank is uncertain about the level of partial draw-down, it may segregate borrowers by keeping high commitment fees and low service fees in one contract and low commitment fees and high service fees in other contract. Former would be attractive to borrowers with higher probability of draw-down as they are more probable to pay a service fee and more interested in having an active credit line, this will not be true for borrowers who are less confident about draw-downs. Contract choice may not be always that simple as discussed by Maksimovic (1990) it may also depend on structure of the borrower's industry, as in imperfect competition presence of predetermined rates of financing in borrowers armory provides enhanced strategic position.
V Conclusion
This paper formulated a parsimonious model for estimation of exposure at Further work may also be needed so that stable distribution parameters can be determined which will not be affected by choice of number of puts used. Further work needs to be done to improve the algorithm so as to use it in standard software applications with minimized hardware requirements. This will greatly help in quick and smooth implementation of the otherwise intuitive model.
